We have found that the relation between the flow through campylotic (generically curved) media, consisting of randomly located curvature perturbations, and the average Ricci scalar of the system exhibits two distinct functional expressions (hysteresis), depending on whether the typical spatial extent of the curvature perturbation lies above or below the critical value maximizing the overall Ricci curvature. Furthermore, the flow through such systems as a function of the number of curvature perturbations presents a sublinear behavior for large concentrations due to the interference between curvature perturbations that, consequently, produces a less curved space. For the purpose of this study, we have developed and validated a lattice kinetic model capable of describing fluid flow in arbitrarily curved manifolds, which allows to deal with highly complex spaces in a very compact and efficient way.
Many systems in Nature present either intrinsic spatial curvature, e.g. curved space, due to presence of stars and other interestellar media [1] , or geometric confinement constraining the degrees of freedom of particles moving on such media, e.g. flow on soap films [2] , solar photosphere [3] , flow between two rotating cylinders and spheres [4] [5] [6] , to name but a few. In general, these systems force a fluid to move along non-straight trajectories (curved geodesics), leading to the upsurge of non-inertial forces. We will denote such systems as Campylotic, from the greek word καµπύλoς for curved, media. Due to the arbitrary trajectories that particles through a campylotic medium can take, depending on the complexity of the curved space, the flow through these media can present very unusual new transport properties. Campylotic media play a prominent role in all applications where metric curvature has a major impact on the flow structure and topology; biology, astrophysics and cosmology offering perhaps the most natural examples. Indeed, for several special cases, the flow through simple campylotic media has already been studied, e.g. Taylor-Couette flow, which was originally formulated between two concentric, rotating cylinders [4, 5] , and later extended to the case of spheres [7] . However, beyond very simple geometries, the flow through more complicated structures, like randomly located stars or many biological systems, to the best of our knowledge, has never systematically been addressed before on quantitative grounds. Since, in general, this class of flows lacks analytical solutions, their study is inherently dependent on the availability of appropriate numerical methods. Flows in complex geometries, such as cars or airplanes, make a time-honored mainstream of computational fluid dynamics (CFD), a discipline which has made tremendous progress for the last decades [8, 9] . However, campylotic media set a major challenge even to the most sophisticated CFD methods, because the geometrical complexity is often such to command very high spatial accuracy to resolve the most acute metric and topological features of the flow. Therefore, in this work, we also present a new lattice kinetic scheme that can handle flows in virtually arbitrary complex manifolds in a very natural and elegant way, by resorting to a covariant formulation of the lattice Boltzmann (LB) kinetic equation in general coordinates. The method is validated quantitatively for very simple campylotic media by calculating the critical Reynolds number for the onset of the Taylor-Couette instability in concentric cylinders and spheres [5] [6] [7] 10] , and applied to the case of two concentric tori.
In this Letter, by using the new numerical scheme, we simulate the flow through campylotic media consisting of randomly distributed spatial curvature perturbations (see Fig. 1 ). The flow is characterized by the number of curvature perturbations and the average Ricci scalar of the space. The campylotic media explored in this work are static, in the sense that the metric tensor and curvature are prescribed at the outset once and for all, and do not evolve self-consistently with the flow. The latter case, which is a major mainstream of current numerical relativity [11, 12] , makes a very interesting subject for future extensions of this work.
In order to study the campylotic media, we develop a lattice kinetic approach in general geometries, taking into account the metric tensor g ij and the Christoffel symbols Γ i kj . The former characterizes the way to measure distances in space, while the latter is responsible for the non-inertial forces. The corresponding hydrodynamic equations can be obtained by replacing the partial derivatives by covariant ones, in both, the mass continuity and the momentum conservation equations. After some algebraic manipulations, the hydrodynamic equations read as follows: ∂ t ρ + (ρu i ) ;i = 0, and ∂ t (ρu i ) + T ij ;j = 0, where the notation ;i denotes the covariant derivative with respect to spatial component i (further details are given in the Supplementary Material [13] ). The energy tensor T ij is given by,
;l ), where P is the hydrostatic pressure, u i the i-th contravariant component of the velocity, g ij the inverse of the metric tensor, ρ is the density of the fluid, and µ is the dynamic shear viscosity.
Since lattice Boltzmann methods are based on kinetic theory, we construct our model by writing the MaxwellBoltzmann distribution and the Boltzmann equation in general geometries. The former takes the form [14] :
where g is the determinant of the metric g ij , and θ is the normalized temperature. The macroscopic and microscopic velocities, u i and ξ i are both normalized with the speed of sound c s = k B T 0 /m, k B being the Boltzmann constant, T 0 the typical temperature, and m the mass of the particles. Note that the metric tensor appears explicitly in the distribution function, due to the fact that the kinetic energy is a quadratic function of the velocity,
To recover the macroscopic fluid dynamic equations, we have to extract the moments from the equilibrium distribution function. The four first moments of the Maxwellian distribution function on a manifold are given by,
These moments are sufficient to reproduce the mass and the momentum conservation equations. Here, for simplicity we have used dξ to denote dξ 1 dξ 2 dξ 3 and the Jacobian of the integration is already included in the Maxwell Boltzmann distribution, through the determinant term √ g.
In the absence of external forces, in the standard theory of the Boltzmann equation, the single particle distribution function f (x i , ξ i , t) evolves, according to the equation, ∂ t f + ξ i ∂ i f = C(f ), where C is the collision term, which, using the BGK approximation, can be written as,
, with the single relaxation time τ . This equation can be obtained from a more general expression, df /dt = C(f ), where the total time derivative now includes a streaming term in velocity space due to external forces,
i the i-th contravariant component of the momentum of the particles. Using the definition of velocity, ξ i = dx i /dt, and due to the fact that the particles in our fluid move along geodesics, which implies the equation of motion dp
we can write the Boltzmann equation as [15] ,
where we have used the definition of the momentum, p i = mξ i . Note that the third term of the left hand side carries all the information on non-inertial forces. Thus, all the ingredients required to model a fluid in general geometries within the Boltzmann equation are now in place. Note that the Christoffel symbols and metric tensor are arbitrary and therefore we can model the fluid flow in curved spaces, whose metric tensor is very complicated and/or only known numerically.
Since the contravariant components of the velocity are free of space-dependent metric factors, they lend themselves to standard lattice Boltzmann discretization of velocity space. All the metric and non-inertial information is conveyed into the generalized local equilibria and forcing term, respectively. These features are key to the LB formulation in general manifolds. As an additional feature, complex boundary conditions related to a specific geometry, e.g. surface of sphere, in many cases, can be treated exactly by cubic cells in the contravariant coordinate frame, thereby avoiding stair-case approximations typical of cartesian grids. The details of the discretization of this model on a lattice can be found in the Supplementary Material [13] .
To provide numerical validation of our model, we study the flow through one of the simplest campylotic medium, the Taylor-Coutte instability in three different geometries, i.e. two concentric rotating cylinders, spheres and tori, respectively. Full details of the validation are given in the Supplementary Material [13] . In Figure 2 , we report the critical Reynolds number as a function of the aspect ratio η = a/b, where a and b are the minor and major radii, respectively. As one can appreciate, for the cylindrical geometry we obtain excellent agreement with analytical theory [5] , and a similar match with experimental data [7] is found for the spherical case. We have also computed the torque coefficient, and found reasonable agreement, within a few percent, with experimental data [16, 17] . For the case of two concentric rotating tori, the critical Reynolds numbers for different configurations can also be observed in Fig. 2 , showing values around 10% larger than for the case of cylinders. Further details can be found in the Supplementary Material [13].
Next, we move to a genuinely campylotic medium, consisting of randomly located curvature perturbations. To this purpose, we define a coordinate system (x, y, z), such that its metric tensor takes the form:
exp(−r n /r 0 )), where n labels each local curvature perturbation located at r n = (x n , y n , z n ), N is the total number of perturbations, r n = | r n |, and r 0 characterizes the size of the deformation. Note that the coefficient a 0 can be either signed, depending on whether a positive or negative curvature is imposed, respectively. In our study, we have chosen to work with positive values of a 0 , due to the analogy with a system of randomly located stars, which produce deformations in the metric tensor of spacetime [1] . The Christoffel symbols are (6) and (7). The inset shows the hysteresis loop which arises by parametrizing the flux-curvature relation in terms of r0. Here, rc is the radius at which the Ricci curvature attains its maximum upon increasing r0. The lower and upper branches correspond to rc < r0 and rc > r0, respectively. calculated numerically. The flux is calculated by the geometrical relation, Φ = S ρu x √ g xx gdS, where S is the cross section at the location where the measurements are taken. Since the fluid dynamic equations only contain the metric tensor and its first derivatives (via the Christoffel symbol), and due to the fact that particles move along geodesics according to Eq. (3), it is natural to expect that the flow could be characterized by a quantity that contains the metric tensor and its first derivatives. Although the Christoffel symbols Γ i jk meet this requirement, they are not components of a tensor, and therefore they are not invariant under a coordinate system transformation (physics should not depend on the choice of the coordinate system). An invariant, or tensor, that can be used to characterize the system is the Ricci tensor R ik . In this work, we use the Ricci scalar (curvature scalar) which can be calculated from the Ricci tensor, R ij , by contraction of the indices, R ′ = g ij R ij . The relation between the metric tensor and Christoffel symbols and the Ricci tensor can be found in the Supplementary Material [13] . To study this particular system, we use a lattice size L x × L y × L z of 128 × 64 × 64, and τ = 1. All quantities will be expressed in numerical units. To drive the fluid through the medium, we add an external force along the x-component, which in all simulations takes the value, f ext = 5 × 10 −5 . The flux in flat space, i.e. in the absence of curvature perturbations is denoted by Φ 0 . Fig. 1 , are the velocity streamlines, the Ricci scalar R ′ and the high-curvature locations, represented by gray isosurfaces. Note that the streamlines are very complex, as the flow can orbit around the spheres before continuing its trajectory [18, 19] . Also we can see how the curvature perturbations interact, creating non-spherical shaped isosurfaces. Fig. 3 shows the flux reduction Φ 0 − Φ, as function of the number of curvature perturbations, N . We observe that the flux Φ decreases with N . This effect is due to the interplay between the longer trajectories that particles must take and the acceleration due to the non-inertial forces, see Eq. (3). Note that, in general, for systems with different configurations (e.g. negative a 0 ), we could expect that the combination of the two effects might lead to higher flux by increasing N . We also see that the flux depends linearly on N for low concentration of curvature perturbations, and only sublinearly at higher concentrations. This is due to the fact that at low concentration, the average distance between curvature perturbations is large, and consequently each perturbation adds up as a single modification to the total spatial curvature. However, as the concentration is increased, the curvature perturbations start to interfere with each other and consequently the space becomes less curved (decrease of the overall Ricci curvature). The flux is found to obey the following law,
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where A 1 = 163 ± 2 and N 0 = (1.54 ± 0.03) × 10 4 are fitting parameters. The parameter N 0 denotes a characteristic number of curvature perturbations, above which the sublinear behavior sets in (N N 0 ) .
In the inset of Fig. 3 , we observe that by fixing the number of curvature perturbations N = 1024 and the strength a 0 = 0.01, and changing the range of the perturbation, r 0 , the difference Φ 0 − Φ presents a maximum for a given r 0 ∼ r c . Furthermore, another interesting result is that the average curvature, here defined as R = −10 8 < R ′ > (where < ... > means average over space), shows the same qualitative behavior. Since by increasing r 0 the metric tensor components decrease monotonically, this maximum is due to the Christoffel symbols (or non-inertial forces), which can be characterized via R. However, the maxima are slightly shifted, due to the fact that the Ricci scalar does not uniquely determine the metric tensor and Christoffel symbols, the quantities that play a key role in the fluid dynamic equations. Taking into account this effect, we can plot the flux reduction Φ 0 − Φ as a function of R, and find that, indeed, for r 0 < r c , the flux decreases by increasing the average curvature R with a different law than for the case of large values of r 0 > r c (see inset of Fig. 4 ). This gives rise to a hysteresis-shaped curve, the reason for this hysteresis being that the metric tensor is different for r 0 < r c and r 0 > r c , even if R takes the same value. However, in both cases, the system shows that higher values of the average curvature R always result in a lower flux. The behavior of the flux for r 0 < r c is well represented by the following law:
and for the case of r 0 > r c ,
where R 0 = 5.2 ± 0.1, A 2 = 50 ± 2, A 3 = 154 ± 4, and Φ ′ = 5 ± 1. The quantity R 0 is related to the maximum curvature achieved by the system and the intersection of the two laws (see Fig. 4 ). The other interesting quantity is Φ ′ , which represents the difference of flux between r 0 ≫ r c and r 0 ≪ r c , when the curvature scalar becomes zero, and it is due to the fact that in both cases, although the space has no curvature, it has nonetheless different metric tensors.
Summarizing, we have explored the laws that rule the flow through campylotic media consisting of randomly distributed curvature perturbations, and shown that, for the configurations studied in this Letter, curved spaces invariably support less flux than flat spaces. Furthermore, the flux can be characterized by the Ricci scalar, a geometrical invariant that contains the metric tensor and Christoffel symbols, the quantities that appear in the fluid dynamics equations. The trajectories of the flow can become very complicated due to the total curvature of the medium, presenting, in some cases, orbits winding several times around regions with high curvature. The present method opens the possibility to apply the actual model to astrophysical systems, where the curvature of space is due to the presence of stars and other interstellar material. We have not considered time curvature, since its contribution remains sub-dominant unless mass is made extremely large.
To calculate the flux in campylotic media, we have developed a new lattice Boltzmann model to simulate fluid dynamics in general non-cartesian manifolds. The model has been successfully validated on the Taylor-Couette instability for the case of two concentric cylinders and spheres, the inner rotating with a given speed and the outer being fixed. We also studied the Taylor-Couette instability in two concentric rotating tori, finding that the critical Reynolds number for the onset of the instability is about ten percent larger than the one for the cylinder. By solving the Navier-Stokes equations in contravariant coordinates, which can be represented on a cubic lattice precisely in the format requested by the lattice Boltzmann formulation, the present model opens up the possibility to study fluid dynamics in complex manifolds by retaining the outstanding simplicity and computational efficiency of the standard lattice Boltzmann method in cartesian coordinates. The case of dynamically adaptive campylotic media, in which the metric tensor and curvature would evolve self-consistently together with the flow, makes a very interesting subject for future extensions of the present lattice kinetic method in the direction of numerical relativity [20, 21] 
Supplementary Material
We show the details of the new lattice kinetic model to study campylotic media, and include a respective validation by studying the Taylor-Couette instability for the case of two concentric rotating cylinders, spheres and tori. We also implement a convergence study showing that the model presents nearly second order convergence, and introduce basic relations in differential geometry like the calculation of covariant derivatives and the Ricci tensor.
Covariant derivative and Ricci Tensor
The formulation of fluid equations in general coordinates implies the replacement of partial derivatives with the corresponding covariant ones. Given a vector A i , the covariant derivative is defined by
where Γ i jk is the Christoffel symbol associated with the curvature of the metric manifold, namely Γ
For an arbitrary tensor of second order, the covariant derivative is given by
Here and throughout, according to Einstein's convention, repeated indices are summed upon. The Ricci tensor R ik is related with the metric tensor and Christoffel symbols by the relation,
Tensor Hermite Polynomials
The Lattice Boltzmann formulation in general geometries makes strong reliance on Hermite expansion of the kinetic distribution function. The first three Hermite polynomials are,
where we have used the Kronecker delta δ ij .
Hermite polynomials expansion
Let us expand the distribution function f (x i , ξ i , t) in the form,
where the coefficients a (n) are n-th order space-time dependent tensors, and H (n) are the tensorial Hermite polynomials of n-th order. The weights w(ξ) are defined as:
The coefficients a (n) can be calculated with the relation,
To recover the correct hydrodynamic equations, the model must be built in such a way as to recover the first four moments, given by,
(15c) The fourth one ensures that the dissipation term achieves the correct form. To this purpose, we need to expand the distribution function at least up to the third order Hermite polynomial (The explicit expression of the Hermite polynomials have been given above). Thus, using Eq. (14), and replacing the Maxwell-Boltzmann distribution for a manifold, we obtain:
Next, by taking θ = 1 (isothermal limit), we obtain the coefficients of the expansion, as follows:
(17c) Therefore, the truncated equilibrium distribution function up to third order, using Eq. (12), reads as follows:
With this, we have expanded the equilibrium distribution function up to third order in Hermite polynomials. Next, we need to expand also the forcing term, Γ
Due to the fact that the distribution function can be written using Eq. (12), and invoking the properties of the Hermite polynomials,
we can write the forcing term as,
where we have introduced the notation,
Then, replacing the coefficients from Eq. (17), and the corresponding Hermite polynomials, Eq. (11), we obtain the forcing term,
With every term expressed as a series of Hermite polynomials, all is in place to proceed with the LB discretization according to standard Hermite-Gauss projection of the continuum Boltzmann equation.
Lattice Discretization
In order to formulate a corresponding lattice Boltzmann model, we implement an expansion of the MaxwellBoltzmann distribution in Hermite polynomials, so as to recover the moments of the distribution function up to third order in velocities, as it is needed to correctly reproduce the dissipation term in the hydrodynamic equations. The expansion of the Maxwell-Boltzmann distribution was introduced by Grad in his 13 moment system [22] . Since this expansion is performed in velocity space, and the metric only depends on the spatial coordinates, we expect such an expansion to preserve its validity also in the case of a general manifold. We have followed a similar procedure as the one described in Refs. [23, 24] .
For the discretization of the Maxwell Boltzmann distribution (16) and the Boltzmann equation (19), we need a discrete velocity configuration supporting the expansion up to third order in Hermite polynomials. Our scheme is based on the D3Q41 lattice proposed in Ref. [25] , which corresponds to the minimum configuration supporting third-order isotropy in three spatial dimensions, along with a H-theorem for future entropic extensions [26] of the present work.
In the following, we shall use the notation c i λ to denote the i-th contravariant component of the vector numbered λ. Thus, the discrete Boltzmann equation for our model takes the form, 
where the weights w λ are defined as, w (0,0,0) = 
where we have introduced the forcing term,
with 
Convergence Study
To check the convergence of the model, we simulate the Poiseuille profile for the velocity on a two-dimensional ring. For this purpose, we use the metric tensor in polar coordinates, g rr = 1, g θθ = r 2 , and g zz = 1, where r is the radial coordinate, θ is the azimuthal angle, and z the axial coordinate. Thus, the non-vanishing Christoffel symbols for this metric are given by, Γ r θθ = −r, and Γ θ rθ = Γ θ θr = 1/r. Our system consists of a two-dimensional ring with inner radius a and outer one b. On this ring, we impose a constant force f a in the θ-direction. For the simulation we choose τ = 0.6. The forcing term f a is set to 0.05. All numbers are expressed in numerical units. The inner radius of the ring is taken as a = 1.0 and the outer radius as b = 1.064. We have taken periodic boundary conditions in the direction θ and z, and free boundary conditions at r = 1.0 and r = 1.064.
To obtain a quantitative measure of the convergence we use the Richardson extrapolation method [27, 28] . In this method, given any quantity A(δx) that depends on a size step δx, we can make an estimation of order n of the exact solution A by using
with errors O(δx n+1 ) of order n + 1. Thus the relative error between the value A(δx) and the "exact" solution A can be calculated by
In our case, the quantity A is the fluid density ρ, when the fluid reaches the steady state, and we set up n = 2. Indeed, the relative error with respect to the "exact solution" decreases rapidly with increasing grid resolution (see Fig. 5 ) and we can see that the present scheme exhibits a near second-order convergence. This is basically in line with the convergence properties of classical LB schemes.
Validation
To provide numerical validation of our model we study the Taylor-Couette instability, which develops between two concentric rotating cylinders. We calculate the critical Reynolds number, Re c , which characterizes the transition between stable Couette flow and Taylor vortex flow. To this purpose, we use the metric tensor for cylindrical coordinates (r, θ, z), g rr = 1, g θθ = r 2 , and g zz = 1, where r is the radial coordinate, θ is the azimuthal angle, and z the axial coordinate. Thus, the non-vanishing Christoffel symbols for this metric are given by Γ r θθ = −r, and Γ θ rθ = Γ θ θr = 1/r. In our system, the inner cylinder has radius a and the outer one radius b. We performed several simulations, by varying the Reynolds number for different aspect ratios η = a/b. The Reynolds number, assuming that the outer cylinder is fixed, can be defined as Re = (aδ/ν)dθ/dt where dθ/dt is the angular speed of the inner cylinder and δ = b − a. The inner radius a is always set to a = 1, and for a given value of η, the outer radius b and δ are calculated. In order to vary Re, at fixed η, we change the angular velocity of the inner cylinder. For this simulation, we use a rectangular lattice of 128 × 1 × 256 cells and choose τ = 1 (all values are given in numerical units). We use periodic boundary conditions in the θ and z coordinates. At r = a and r = b boundaries, we have used free boundary conditions, together with a condition to impose the respective angular velocity at each boundary by evaluating the equilibrium function with those values. Note that the boundary conditions can be implemented as if they referred to a cartesian geometry, due to the use of contravariant coordinates, leading to an approximation-free representation of curved geometries. For smooth manifolds, the new scheme is about three times slower than a standard cartesian version, which is mainly due to the calculation of the metric and curvature terms, as well as to the use of third order equilibria to enhance stability. Clearly, the advantage of the present scheme lies in the treatment of complex manifolds which would require very high cartesian grid resolution.
In Fig. 2 , we can observe the critical Reynolds number as a function of η, as predicted by the simulation and compared with the theoretical values from Ref. [5] , finding excellent agreement. We have implemented the same simulation using a lattice size 64 × 1 × 256 cells in order to study the influence of the boundary conditions, and we found an error of around 2.5% respect to the theoretical values, which is a clear evidence of the sensitivity to the boundary condition implementation. We have been able to simulate Reynolds number of around 7000 by using τ = 0.55. Note that our model works in contravariant coordinates and due to the presence of a metric tensor, the time step is not necessarily unity. For this reason, even when the relaxation time is not small, the computed kinematic viscosity can achieve very small values, leading to large Reynolds numbers.
For the case of two rotating spheres, we consider the inner sphere with radius a and the outer one with radius b. We use standard spherical coordinates (r, φ, θ), being r the radial, φ the azimuthal, and θ the polar coordinates. The non-vanishing components of the metric tensor are g rr = 1, g φφ = r 2 sin 2 (θ), and g θθ = r 2 . The Christoffel symbols can be calculated from the metric tensor by using standard differential geometry relations. Note that our simulation region does not include the poles because there, the determinant of the metric tensor 6 . Torque coefficient as a function of the Reynolds number for the case of two concentric rotating spheres. The theoretical result has been taken from Ref. [16] , and the experimental data have been collected from Ref. [16, 17] .
becomes zero and therefore it is not possible to calculate its inverse. To circumvent this problem, we simulate the region θ ∈ (π/6, 5π/6). We set τ = 0.8 and use a lattice of size 32 × 1 × 384. In order to vary the Reynolds number, we change the azimuthal velocity dφ/dt. The boundary conditions have been chosen periodic for the case of φ, and fixed for the case of r and θ. In the inset (left) of Fig. 2 , we show the critical Reynolds number for different configurations which is in good agreement with the experimental values given in Ref. [7] . In this figure, we can also observe the radial and polar components of the velocity, and see that there are two small vortices located at the equator and two large ones at high and low latitudes, in agreement with experiments and other numerical simulations [6, 7, 10] .
We have also measured the torque coefficient defined by, T r = 2πa
where σ rφ is the shear stress tensor, which in the context of lattice kinetic theory can be calculated by,
The torque coefficient is then computed via the following relation [17] C m = T r 
In Fig. 6 , we show the comparison between our results, the theory for Re → 0, and the experiments. We find good agreement with the experiments. The small discrepancy can be due to the approximation taken in Eq. (29) and the implementation of the boundary condition.
In order to study the Taylor-Couette instability for the case of two concentric rotating tori, which to our knowledge has never been done before, we use a lattice of size 64 × 128 × 64 cells in the orthogonal coordinate system of the torus, (r, u, v), being r the radial, u the axial, and v the tangential coordinates. The Christoffel symbols and the components of the metric tensor can be readily calculated from differential geometry relations. The major radius of the tori has been taken as 4.0, in numerical units. The other parameters are the same as in the previous simulations, and to vary the Reynolds number we change the tangential velocity dv/dt. In this case, a and b are the minor radii of the inner and outer tori, respectively. We use periodic boundary conditions for the coordinates u and v, and fixed boundaries for r. In addition, the critical Reynolds numbers for different configurations can be observed in Fig. 2 , showing values around 10% larger than for the case of cylinders.
